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ABSTRACT 

This report describes the design analysis of the throat section 
for a large (50-inch-diameter test section), continuous flow, axisym
metric wind tunnel which is currently in operation at the AEDC" The 
maximum stagnation conditions are 2000 psia and 1450°F. 

Several problems which must be considered before design are 
cited, and possible means of solution are discussed. The "as -butlt" 
article, which in essence is simply a water-cooled liner housed in 
a pressure shell, is described, and a method, which allows reason
able selections of geometry and cooling requirements, outlined. This 
method is extended to enable forecast of temperature distribution and 
resultant stress along the throat section and is applied, not only to 
the Mach 10 configuration, but also to a proposed interchangeable 
counterpart which would permit aerodynamic testing at Mach 12. 
Maximum stagnation conditions therein would be 2400 psia and 1940°F . 
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1.0 INTRODUCTION 

A continuous flow, Mach 10, axisymmetric wind tunnel, with 50-inch-
I I

diameter test section, is currently in operation at the von Karman Gas 
Dynamics Facility (VKF), Arnold Engineering Development Center (AEDC), 
Air Force Systems Command (AFSC). Maximum stagnation conditions 
are 2000 psia and 1450°F. 

This report is concerned with the design analysis of the present 
throat section and of a proposed interchangeable counterpart for use at 
a Mach 12. Sectional views of each are shown in Figs. 1 and 2. Other 
components of the tunnel are described in detail in Ref. 1. 

2.0 DESIGN REQUIREMENTS AND CONSIDERATIONS 

Several problems are inherent in the design of the throat section of 
a hypersonic wind tunnel, particularly one of large size in which tem
peratures approach 20000F and operation is to be continuous. First, 
because of aerodynamic considerations, the contour must remain stable, 
smooth, and continuous, at least downstream of the location where the 
Mach number is O. 1. Secondly, the material selected must be capable 
of sustaining the stresses induced by the pressure and thermal gradients 
and of withstanding the corrosive and errosive actions of the airflow. In 
addition, ease of fabrication, assembly and maintenance, and the require
ments of personnel safety must be met. At least two avenues of approach 
are readily apparent; these are discussed herein. 

Consider first an uncooled liner, perhaps made from a ceramic, 
cermet, high temperature metal, or metal alloy, cast or machined to 
the required aerodynamic contour and enclosed in a steel pressure shell. 
The material choice, if fabricated from ceramic or cermet, would depend 
primarily on an ability to withstand severe thermal shock. Strength. 
though important, becomes a secondary consideration because of the 
feasibility of applying static pressure. somewhat above the maximum 
stagnation, on the outside of the liner. The resultant pressure stresses 
are thus transformed from tension to compression. an ideal situation 
from the standpoint of most ceramics or cermets. Temperature expan
sion forces may be minimized by the choice of a material with a low 

Manuscript received November 1962. 
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coefficient of thermal expansion and, if necessary, by designing the liner 
in two sections, opposing ends attached to the pressure shell and near 
ends telescoping one into the other. Packing the cavity between liner 
and shell with insulation and allowing the external pressure (assumed 
to enter at relatively low temperature) to bleed in controlled quantity 
through the annulus around the telescoping joint would ensure a reason
able shell temperature and prevent the formation of hot spots caused by 
thermal circulation. A similar configuration might be made from a 
high temperature metal or metal alloy. The choice of material, in this 
case, would be based on resistance to scaling in air at high temperature 
and pressure, low thermal coefficient of expansion, and at least a 
modest creep strength. 

As a second possibility, consider the use of a metal, water-cooled 
liner enclosed, as before, in a steel pressure shell which serves to 
contain the water and, in addition, provides back-up structure in the 
event of liner failure. Such a scheme obviates the former requirement 
of thermal shock resistance necessary for a ceramic liner and mini
mizes the thermal expansion problems inherent in the uncooled metal 
version. A liner made in two telescoping sections would still be manda
tory because of axial growth; however, again as before, cool high pres
sure air in controlled quantity might be bled through the joint annulus 
and thereby effect a degree of boundary-layer cooling. In addition, this 
circumvents considerable difficulty in providing a positive seal between 
two surfaces which are subjected to bi-directional movement. For such 
a configuration, the liner must be capable of withstanding the combined 
effects of water and air pressure and, in addition, effectively transmit 
heat to the water. Therefore, the material choice depends on high 
thermal conductivity and yield strength and on low modulus and coeffi
cient of thermal expansion, all at the resultant operating temperature 
of the metal. Arranged on the following page in preferencial order, for 
an operating temperature of 650°F, are some of the obvious possibilities 
within the scope of commercially available materials. 

2
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I --
-

Gallow K a E 

Material psi Btu/ft in. x 10 6 psi 
x 10-3 hr ft2 of in. of x 10-6 

Berylco 10 95 165 10. 3 17.5 

Berylco 25 150 82 10 19 

Zr-Cu 34. 8 205 11. 2 17 

Molybdenum >35 74 2.6 < 42 

Tungsten 47.8 71. 7 2. 6 57 

AI-Bronze (92-8) 7.5 >42 10 < 15 

Silver < 8 215 11. 1 7.8 

Cu-Ni (70-30) 9.8 25 9 16. 4 

A-L-25 Ni (Maraging) 250 -- 12 <8 < 23 

Hi Carbon Steel 100 24.5 7.3 25.6 

Cr-Cu < 13 >187 10 < 19 

Ferritic Stainless Steel 109 13 6.2 25.4 

Low Alloy Steel (4130) 100 16.5 7.3 27.0 

17-4PH Stainless Steel 92 12 6.4 26 

Hi Alloy Steel (J-1300) 120 9. 7 8. 7 25.4 

Pure Copper < 2.6 217 9. 8 13. 9 

Ti (4AI-3 Mo-IV) 23 9 5 14.5 

Austenitic Stainless Steel 45.5 11. 5 9. 1 24. 3 

Electrolytic Nickel 18. 1 28.5 

\ 

9.3 27.2 

Monel 21. 5 17. 3 9. 7 2;1 

GK/a-;J 

I Btu x 10-3 

hr ft 

87.0 

64.7 

47.0 

> 23.7 

23. 1 

> 21. 0 

<: 19. 9 

16.6 

16.3 

13. 1 

12. 8 

9.0 

-' 8. 4 

6.6 

5.3 

< 4. 1 

2.9 

2.4 

2.0 

1.6 

3.0 CHOICE AND DESCRIPTION OF DESIGN 

Juxtaposition of the design possibilities outlined previously leads to 
the choice of a water-cooled throat section. The feasibility of this selec
tion is justified in later sections; however it should be noted that Mach 12, 
for the size of the tunnel under consideration, is near the upper limit of 
such a configuration because of the high heat transfer rates involved. A 
brief description of the geometry that was finally chosen follows. 

As shown in the table in Section 2.0, Berylco-10 has the highest 
ratio of aK/aE and is judged, therefore, to be the material most suitable 
for the liner, which is made in two sections, machined to form the 

3
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aerodynamic contour, and enclosed in a thick walled pressure shell (see 
Figs. 1 and 2). Water supplied from a high pressure source is forced 
through longitudinal grooves cut in the upstream section and, down
stream, through an annular passage between the liner and a surrounding 
jacket. A telescoping joint, the entrance of which is located in the 
region of low sub-sonic flow (i. e., the Mach number :S O. 1), is provided. 
Three piston rings are contained within the joint, and air, coming from 
the tunnel supply source but bypassing a propane-fired heater in the flow 
circuit, is introduced between the upstream pair of rings. This air, 
arriving at heat of compression temperature and a pressure somewhat 
above stagnation, then spills in two directions, a portion into the tunnel 
and the balance past the third ring and out a vent to atmosphere. A 
flange, integral with the downstream liner, retains the water seals on 
that section and is sized to counterbalance, by means of water pressure, 
the axial load of the air. For the Mach 10 throat section now in opera
tion, raw water is supplied at the rate of 325 gpm with an inlet pressure 
of 400 psig and dumped to drain; for Mach 12 operation, 750 gpm of dis
tilled water at 1150 psig would be required and, for reasons of economy, 
would be contained within a closed Icop.' 

4.0 GENERAL ANALYSIS 

4.1 BASIC GEOMETRY AND EQUATIONS 

Consider the free body, which shows a portion of the downstream 
liner section under the action of pressure forces from tunnel air and 
cooling water. 

Vent to Atmosphere \ O-Ring Seals
 
Bleed Air inl \
 

Piston Ring Sea1S-t1 l*rN~~~iiIlf"'=:::=n-------------.-
Jacket 

Pa* - 0.5 8 Po __--=__.........-- _
~~------JL-..L------L_-L-
Airflow "i r 2 

Water Flow through 
Annular Cooling Passage 

t Separate cooling circuits are provided for the up and downstream 
liners; 50 gpm are used (or will be used) for the former at either Mach 
number. 

4 
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Basic stress equations, written for a differential element at the 
throat are: 

When r =r1: 

Eq. (1) 

P (rs2 -r/) _ Po(r/ - r. 2
)w Eq. (2)2(K2_1)r/(K

2 
-1) r. 

0.5283 Po Eq. (3) 

1.057 Po Eq. (4)
(K2 

_ 1) 

Pw (rs' - r/) Po (r/ - r.2
) 

Eq. (5)2 r. (K 2 -1) r / (K 2
- I) 

G r = - Pw * Eq. (6) 

_. If steady-state heat transfer is considered, the thermal stress coef
ficients, :ra and -:::;w' become: 

Eq. (7) 

y = Ea {I _2in K} , ps i / de ~ Eq. (8) 
w 2 ( 1 -Ii) inK K 2 - 1 

The preceding may be substituted into the generally accepted theory 
of failure for ductile materials under the action of hydrostatic loads, v i.z ,; 
that of shear-distortion which is written: 

Eq. (9) 

Now, consider a thermal balance which must satisfy the identity: 

Eq. (10) 

Variables, which may be put in equation form for use in the above, 
are: 

Tr Ts + q(To - Ts ) Eq. ( 11) 

-
K some' linear function ot temperature Eq. (12)
 

-
 a
0.023 cp·";{K2

"; } co. (The Colhurn Eq. (13)hw 0.14 v l / o.:z equation, Ref. 2) 
V w '. 0 

5
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Finally, for calculation of pressure requirements, the Bernoulli 
equation reduces to: 

Eq. (14) 

where 

\ Prriclion Eq. (15) 

and 
O.OOltO + O.12S 

Rp 0 .32 (Ref. 2) Eq. (16) 

4.2 OPTIMUM WALL THICKNESS AT THE THROAT 

Because of the small contribution of radial to the total combined 
stress, the system may be considered biaxial. Dropping or, then, from 
the theory of failure equation and noting that the material is used most 
efficiently when the total combined stress on an inside element is equal 
in magnitude to one on the outside, and with appropriate subscripts: 

+ C7tT} {C7£L + C7£T}j.=r, + {C7£L 
Eq. (17) 

+ C7IT} {C7£L + C7£T}j. =r
2 

+ { C7t L 

Expanding and observing that tangential and longitudinal thermal 
components are identical in magnitude at a given element and that the 
axial-load stress is the same for all elements within the wall: 

Eq. (18) 

Thus, when the resultant axial load from air and water pressure produces 
tthe above value of longitudinal stress, the working stress, ow , becomes 

a minimum. For given geometry and tunnel stagnation pressure, this 
may be accomplished by the judicious choice of cooling water pressure 
and liner flange diameter. 

tWorking stress, as used throughout this report, is taken to be the 
combination, by means of the shear-distortion theory of failure, of all 
resultant tangential and longitudinal stresses. 
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Now consider the portion of the thermal balance identity: 

ha 7T d1 \£ (T, ~ T a) = l 7Td m \£{Ta - T w } Eq. (19)
t 

Or,
 rewriting: 

Eq.
 (20) 

When evaluated, this equation yields the approximate temperature 
drop per inch of wall thickness which will satisfy a thermal balance; for 
any particular thickness, then, a discrete temperature drop is implicit 
and subsequently enters into the calculation of thermal stress. Upon 
substitution of various values of wall thickness and performing the 
calculations in Eqs. (1) - (16), a plot of working stress versus thickness 
may be constructed. As demonstrated later, an optimum is evident. 

4.3 SELECTION OF THE COOLING REQUIREMENTS 

General considerations governing the selection of the cooling require
ments are: 

(a)
 The selected water flow rate and cooling passage geometry 
must be such that the air-side-wall temperature and the 
thermal gradient through the wall remain compatible with 
the elevated temperature properties of the liner material. 

(b)
 The water supply system must be capable of supplying the 
required flow rate through the selected cooling passage. 

Now, if it is assumed that the conditions of (a) have been fulfilled, the 
required wall-to-water heat transfer coefficient may be determined. Many 
combinations of cooling passage geometry and flow rate will result in the 
required coefficient, and, although no optimum combination is apparent, 
analysis indicates that the smaller the water annulus, the lesser total 
head to produce the required flow. However, it must be realized that a 
lower limit exists because of the practical aspects of fabrication and 
assembly; also, a smaller passage implies a system more sensitive to 
the minor variations encountered in machining or in the flow control de
vices. Therefore, an area that is commensurate with the capabilities of 
the pumping system on hand (or under consideration) should be used. 

7	 
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4.4 HEAT TRANSFER 

Calculation of the air-to-cooled-wall heat transfer coefficient at the 
throat and downstream may be accomplished by means of the relation
ship (Ref. 3): 

h a = St g c p Vs Eq. (21) 

Where 

Sot = (C f/2) Pr' 
- 2/ 

Eq. (22) 

The skin friction coefficient, Cf, may be derived by the method of 
Sivells and Payne (Ref. 4), v iz . : 

T. \O.088l\log\O fle - 2.:1686)
Cf = Eq. (23)

T' (loglo He - i.sooo ) ' 

In the above, primed values refer to conditions at Eckert's refer

ence temperature, T' = T a ; T. + 0.01941 \12 T s ; this means, then, that 

the heat transfer coefficient and air-side-wall temperatures are inter
dependent, and the correct value for either results only from an itera
tive process. Though this may appear laborious, in actuality it is not 
because a specific air-side-wall temperature, selected as the maximum 
desirable for the material under consideration, must be met at the 
throat. The computation is therefore direct at this point, and if a thermal 
balance is calculated at two or three downstream locations, intermediate 
points may be readily estimated and checked. Upstream of the throat, 
the coefficient is taken to be simply: 

•}o..,'
ha ~ {~ x h* Eq. (24) 

5.0 SPECIFIC ANALYSIS 

From the general method of analysis outlined in sections 4.2, 4.3, 
and 4.4, it is apparent that a near-infinite number of solutions is pos
sible, each dependent on particular assumptions which must be made at 
various stages of the calculat ion, These assumptions, however, are 
arbitrary, provided they fulfill the requirements of practicability in 
manufacturing and assembly and are shown to be realized at a subsequent 
stop in the analysis. In the following subsections, assumptions are there
fore made without argument as to any fictitious standard of "best possible " 
value. 

8 
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Listed below are the salient design parameters for the Mach 10 and 
12 throat sections: 

M = 10 M = 12 

psia
 2000 2400Po'	 

To, of 1450 1940	 

* .Throat radius,
 r , in, 0.873 0.560 

Throat station, downstream of 
the pressure housing entrance, in. 20.571 18.704 

Radius ratio, R* / r*
 30.000 38.179 

Mechanical and physical properties of the liner material, as given 
in Ref. 5, are plotted in Fig. 3. It should be noted that all values result 
from short-time tests at elevated temperature, and a liberal margin of 
safety must therefore be provided. Consequently, a maximum working 
stress of 60, 000 psi (i. e., a 33-1/3 percent margin on the proportional 
limit) and a limit of 650°F on the air-side wall will be used. As the 

,"
 material may be age-hardened after machining, and this process will 
continue during operation, the mean conductivity may be chosen as con
servative; versus temperature, the relationship (see Fig. 3) is: 

ft hr 
--x 

12 in. 3600 sec 

0.0242 (T a + T w ) + 134 Btu in. 

4.1,200 

T a.,- lw+ 5535
 Btu in. Eq. (25)
1,784,000 ' sec
 iD.2 of 

Other material
 properties, again from Ref. 5, are: 
6 in.

E = 17.5 X 106 psi, a = 9.8 x 10-
 o.s 
in. of 

Air and water properties, as given in Refs. 6 and 7, respectively, 
are plotted versus temperature in Figs. 4 and 5. 

In the following subsections, only the downstream portion of the 
liner will be considered; analysis of the less critical upstream part may 
be accomplished by the same method but is not included herein. 

9	 
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5.1 MACH 10 

A cursory analysis of Eq. 10 indicates that T a at the throat may. 
sonably be held to 600°F provided ha does not exceed 1.5 Btu/sec ft2 c 

By the Sibulkin equation (Ref. 8): 

o t 
0 2

0.0027 po v· • 

f~}
To 0.6 (r " RO)O.l 1T1~W 

Substituting pertinent values and dimensional constants: 

6 0.2 

h '" (0.0027)(2000 x 144)(0.811 x 10- x 18.18) (1612) '" 1.30 Btu 
a 

(11)35 )0.6 (.07275 2 X 30 )0.1 (1336) sec ft 2 ~ 

Now consider Eq. (20) which is written: 

Assume d j = dm and T r = To; K at 6000F is 163 Btu ft/hr ft 2 OF (see 
Fig. 3). Using, for conservatism, the larger value of ha and substi
tuting: 

l' a -~ (1.5)( 1475 - 6(0)( 36(0) = 2120 __o_F---:__ 
t (16.1)(12) inch of wall 

Consider, next, the axial load at the throat produced by the air. I 
a telescoping joint is to be provided where the Mach number is O. 1, thi 
local ordinate becomes: 

(1..r= 5.8218, .'. r = 0.8n 'oj 5.8218 2.011 in. 

The maximum axial load is: 

TT (1.68)(2000) = 21,1001h 

It is expedient stresswise to counterbalance a large portion of the abov: 
and this may be accomplished by cooling water pressure acting over thi 
face of a flange made integral with the liner. A rational combination is 
an 8-inch flange and 400-psig water pressure; this produces about 
19, 000 lb of opposing load. 

t At the time the ensuing calculations were performed, To was 
considered to be 1475°F. This was later reduced to the previously men 
tioned value of 14500F, thereby reflecting differences between a perfect 
and a real gas. A small element of conservatism is thus inherent. 

10
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The working stress may now be calculated for various wall thick
nesses by substituting previously mentioned values of E. a, II. r-, Po. Pw. 
and b.T It into the applicable portion of the Eqs. (1) - (16); see Table 1 
and Fig. 6. It should be noted that an optimum exists at a thickness of 
0.057 inch; this. however. is less than the practical machining range. 
and. since an increase to O. 125 inch produces a stress still well below 
the selected allowable. the latter value will be used as the nominal throat 
wall. 

Now. consider the required wall-to-water heat transfer coefficient. 
Assume T a and ha as before and let the bulk temperature of the water 
be 60°. T r• from Eq. (11). = 1612 + 0.89 (1935 - 1612) = 19000R. Then. 
for a O. 125 -inch wall. T w = T a - b.T It x t = 600 - (2420)(0. 125) ~ 300°F. 
From the portion of the thermal balance identity written: 

ha r, (T r - T a ) hw r 2 (T w - Tb) 

r 1 ( T , - T a)ha 
r 2 (T w - Tb ) 

Substituting: 

( 1.5) (0.873) ( 1440 - 600) (1600) _ 16,510
(0.998)(100 - 60) 

-~-:::--

From Eq. (13): 

1, 

(O.02~) C '3 K2~} GO'. _ 
p -- --- - 16,510 

0.14 { 2 
)./w )./ \ n 0. 

Solving: 
co.. (16,.SlO)(0.1l86) 6 
--0-2 oc 1.817 x 10
 
rr: (0.on)(0.1s00)
 

Reducing the above by means of the proper conversion units and the 
relationship n = 2 (r , - r2 ) : 

x0.. = :190 (r3 - r2 ) (r 3 + r2 ) 0 •• , g P III 0.' 

Solution for any particular annulus height yields a discrete flow which 
will limit the air-side temperature to 600°. Calculations have been 
made for several passages. and the results. including total head re
quirements t. are given in Table 2 and plotted in Fig. 7. The latter 
also shows the operating characteristics of a high pressure pump on 
hand in the von K~rmc!tn Facility and indicates that. as stated previously. 
no optimum combination exists. Flow of 275 gpm through a 0.125-inch 
annulus. however. will meet the general requirements outlined in 

t Pressure drop for the entire section is estimated at 4 times that 
per inch of passage on the throat. 
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section 4.3 and will have the advantage that. if during operation. temper
atures rise above those calculated. flow may be considerably increased 
without exceeding the pump system capabilities. This. of course. in
creases the thermal stress which. for radial heat flow in a cylindrical 
section. is. roughly: 

E a.\ T (I7.S)(10) psi _ 125, " 

2 ( 1 - v) 2 (0.7 ) OF 

SUbstituting: 

( 17 .S ) (9.8)( 300 ) 
( 1.4 ) 

The above will account for approximately two-thirds of the working 
stress. Thus for an allowable 60. 000 psi: 

\T 60,000 - (1.33) (37,SOO_)__ = 800 

( 125 ) 

the approximate allowable increase in thermal p;radient. 

Before the heat transfer coefficient and thermal balance can be cal
culated along the length of the liner. the variation in wall thickness 
should be stated. This is quite arbitrary provided temperatures may 
subsequently be shown to decrease smoothly and continuously each way 
from the throat. Assuming. therefore. a constant wall ratio and arrang
ing the equations of sections 4. 1. 4.3. and 4.4 in computational form. 
Tables 3 and 4 may be readily prepared. Constants shown in the column 
headings are explained at the start of the appendix. Assumed parameters. 
in summary. are: 

a) T a = 600 'F 

b) X = 275 g p rn 

c) (r. - r,)* = 0.125 in. 

d) (r, - r.) = 0.125 in., constant 

e) J( = (r./r,)* = 1.1455, constant 

f) M and r, = values given by the aerodynamic contour t and 

listed in Column 1 of Tables 3 and 4, respectively. 

p;) The design par arne ters as listed in section 5.0. 

t F or the method used in determining the aerodynamic contour. see 
Ref. 9. 

12 
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The results are plotted in Fig. 8. Then, following the form of Table 1 
but omitting the calculations: 

0 w = -t- ~3.600 psi at r r 2 • Ow = -.'~7.300 psi at r = r, 

Because the above stresses do not exceed the selected allowable 
value, and the value of Ta calculated in the thermal balance does not differ 
by more than 3 deg from that used in determining ha, a reasonable and 
workable solution has been found. 

5.2 MACH 12 

Because the method of analysis for Mach 12 is identical to that for 
Mach 10, only the final results and significant differences resulting from 
the higher stagnation conditions are discussed herein. 

The minimum practical value of T a, from the standpoint of cooling 
requirements and resulting thermal gradient, is 650°F. This requires 
a flow of 700 gpm and reduction of the throat wall to O. 100 inch, about 

.r the minimum for practical machining. The annular passage at that loca
tion is chosen as O. 130 inch and, to reduce the overall frictional pres
sure drop, is rapidly increased either way from the throat. The wall 
ratio is not kept constant but varies in a manner which will facilitate 
interchangeability with the Mach 10 liner in a common pressure housing. 
Because of the required high water velocity at the throat (see CoL 55, 
Table 8), the cooling water pressure is determined as follows: 

From Eq. (14) 
2 v p 

p = +\ Pf2g 

Substituting 

(371).2)2(62.4) + IH = 1081p = pSlg
2(32.17)(144) 

To prevent cavitation, it is necessary to add to the above the vapor pres
sure of water at the temperature T w * = 235°F, which is about 8 psig. Als o, 
some factor, say five, must be introduced on this value as well as an 
allowance for inaccuracy of the friction coefficient used in the pressure 
drop calculation. The summation is therefore: 

Velocity head. " . . . . . . . . . 969 psig 
Pressure drop, entrance to throat. . 113 !1 

Prevention of cavitation X factor of 5 40 " 
25 percent error in pressure drop. . 28 " 

1150 psig 

13
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The above value of pressure should appear at the nozzle section flange, 
and the outlet pressure of the pump should be sufficient to cover line 
and entrance-to-nozzle section losses, say 1200 psig. The flange which 
is used to counterbalance the air pressure load is taken to be 4. 75 inches 
in diameter. Substituting pertinent values into the applicable stress 
equations: 

Ow = - 4.5,800 psi at r = r1* , Ow = 56,000 psi at r = r 2 * 

The liner must also operate for the tunnel-air-off, cooling-water
pressure-on case; in this event, the stress is simply tension in amount: 

1150 (2.375
2 _0.002 

) 
Ow = (1.22)(0.1) = 4.9,100 psi 

6.0 CONCLUDING REMARKS 

The preceding pages adequately demonstrated the technical feasi
bility of the throat section designs shown in Figs. 1 and 2, and it 
remains, therefore, only to investigate the effect of deviation from the 
selected geometric and operational quantities. This will be of greatest 
consequence in the Mach 12 configuration to which the following remarks, 
except where noted, are accordingly confined. 

A decrease in Po or To poses no problem, and by inspection, a 
reasonable, say ±O. 002-inch, machining tolerance on the liner ordinates 
will be of little structural consequence. The results of variations in the 
cooling flow rate or the annular passage size, however, are somewhat 
obscure. Consider, therefore, a ±10% change in the fundamental vari
able, hw, which, if substituted into the heat transfer and thermal balance 
tabulations, yields the following values. 

No change (Ref.) 100/0 increase in hw 100/0 decrease in hw 

ha , Btu 1. 901 1. 912 1. 895 
sec ft2 OF 

Ta , of 654 644 664 

Tw , OF 235 222 252 

Ta - Tw , OF 419 422 412 

Go.
8/Do.2Now, hw = , G '" 700 fl;pm and flnominal 2 (~213L, or 0.02167 feet. 

If hw is to increase 10 percent: 

a) G (700)(1.1)1.25 788 ~pm = 88 gpm increase, or, 

b) 0 (_1_)5 (0.02167) = 0.0128 ft = 0.154.5 in. 
1.1 

14 
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Therefore, r3 - r2 = 0.077 inch, a. decrease of 0.067 inch. Simi
larly, if hw is to decrease 10 percent: 

a) G (700) (0.9)1.25 614 gpm ee 86 ~pm decrease, or, 

b) D ( O~9 Y (0.02167) '" 0.0::l67 ft '" 0.4406 in. 

Therefore, r3 - r2 = 0.2203 inch, an increase of 0.090 inch. Con
siderably less variation in annulus height than the above may be expected 
from careful machining and assembly techniques. It is. in fact, quite 
reasonable to stipulate a passage of O. 130 inch minimum, plus a toler
ance, say 10 percent, which is 0.013 inch. Also, because pressure 
requirements go up as the square of an increase in flow, it is more 
probable that such deviation will tend toward a drop from the nominal. 
Then, if hw is to decrease 10 percent: 

1.25 
0.9 "" •. '. G '" (700) {(0.9)(1.1)°·2 } 628 gpm 

It is felt that the above is within practical flow control limits, and the 
accompanying rise to 664°F of the air-side wall is not serious, primarily 
because of the conservatism exercised in choosing the metal conductivity: 
One final variable, the bulk temperature of the cooling water, remains to 
be considered. Briefly, for an increase from 60 to aOOF, recomputation 
of the throat conditions indicates no significant change in h a or T a and 
only a 3-degree rise in T w. 

Finally, consider the liner flange which, for the Mach 10 configura
tion in particular, encompass es a heated area somewhat removed from 
the cooling water. By means of a thermal balance, the temperature of a 
thermocouple located within the flange (Fig. 1) may be conservatively 
approximated as aOO°F. This, of course, exceeds the selected allowable 
value, but it should be noted that pressure stresses are essentially 
absent, and no account has been taken of the low temperature air which 
spills past the heated surface. Accordingly, the calculated temperature 
is acceptable. 

Two comments may now be offered in partial support of the adequacy 
of the design analysis as discussed herein. First, as was mentioned 
previously, the Mach 10 version is currently in operation and has suc
cessfully accumulated a total air-on time in excess of 1050 hours. 
Secondly, the thermocouple discussed above indicated an initial tem
perature of 625°F during operation at near-maximum stagnation condi
tions; subsequently, upon build-up of a so-far-harmless scale deposit, 
it decreased, stabilizing at about 525°F. 

15 
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In conclusion, the Mach 12 liner design is specifically proportioned 
to effect a lowering of the above-mentioned temperature to a calculated 
500°F; in addition, a test program is currently underway to select a 
serviceable plating material which will inhibit the formation of scale. 
The test method and results to date are given in Ref. 1. 
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APPENDIX I 

DERIVATION OF CONSTANTS FOR THE HEAT TRANSFER COEFFICIENT 
AND THERMAL BALANCE CALCULATIONS 

a)
 O. 03491 in Col. 8, Tables 3 and 7 - constant in Eckert's 
reference temperature, see Eq. (31) Ref. 4. 

b)
 53.3 in Col. 10, Tables 3 and 7 - the gas constant for air 
in ft/oR. 

c)
 4.476 in Col. II, Tables 3 and 7 - conversion from 
lb/in. 2 ft to slugs / ft3. 

d)
 49. 1 in Col. 13, Tables 3 and 7 - from the basic aero
dynamic relationship, v = 49. 1 Mff 

e)
 15.3627 in Col. 15, Table 3 - the throat abscissa minus a 

reference distance, x* =J[ (-Y+1)/2] r*R*, (Ref. 4) in which 
y = 1. 373 (Ref. 5), and R*/r* = 30. 000. 

f)
 14. 9522 in Col. IS, Table 7 - the throat abscissa minus a 
rr

reference distance, x» ='.1 [(-Y+1)/2] r*R*, (Ref. 4) in which 
y = 1. 352 (Ref. 5), and R*/r* = 38.1786. 

g)
 144 in Col. 19, Tables 4 and 8 - conversion from ft2 to in. 2 

h)
 1,784, 000 in Cols. 22 and 23 and 5535 in Cols , 24 and 40, 
Tables 4 and 8 - from Eq. (25) for average conductivity at 
the average of the air-and-water-side-wall temperatures. 

I)
 393,525 in Col. 25, Table 4 - from the portion of the Colburn 
relation which is written Ca. 8/nO. 2. If the flow is 275 gpm: 

1H in.
2

gal min f t 2 

G = 275 x 60 --x ----x 62.4	 
min hr 7.48 gal	 TT (r/ - r/ ) in. 2 ft 2 

6,~10,000 Ib 
(r 1 + r2 ) (r1 - r2 ) hr ft 

ftD
 2(r1 - r 2 ) in. x 
12 in. 

6,310,000°.8 
X 6~·2 ~Q.1.525 

(r + T )0.8 (r - r )
1 2 1 2 
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j)
 833,000 in Col. 25, Table 8 - from the portion of the Colburn 
relation which is written aO. 8/DO. 2. If the Dow is 700 gpm: 

3 
min
 IbG "" 700 ~x 60 --x It x 62.4 --x --(22.22min hr 7.48 gal ft 3 

1T r] - r 2 ) Ill. It 

It 
12 in. 

f) 

G 0.8 16,060,000°·8 X 6°·2 833,000
nO.2 

(r] + r
2 

)0.8 (r] - r
2

) 

k)
 0.023 in Col. 23, Tables 4 and 8 - a constant in the Colburn 
equation. 

1)
 518,400 in Col. 30, Tables 4 and 8 - conversion from ft 2 hr 
to in. 2 sec. 

m)
 38.23 in Col. 53, Table 4 - from the relationship q = Wcp zsT 
if the Dow rate is 275 gpm. 

It]Btu min sec gal
 Ib ~ 
~~-x -~-\T = q --x
 --x 7.48 --x

sec 275 gal min It] fi2.4 Ib 1 Btu 

q,OF 

38.23 

n)
 97.35 in Col. 53, Table 8 - from the relationship q Wcp 6T. 
If the Dow rate is 700 gpm: 

Btu min x 60 ~ X 7.48]gal X _ft_]---:-:- Ib of s , of 
--~	 x'\T:=q	 x -- = ---
sec 700 gal min ft 62.41b I Btu 97.3.'> 

0)	 88.22 in Col. 55, Table 4 - from the relationship, Q = AV. 
For 275 gpm Dow: 

gal min f t]v :=	 275 x 
min 60 s e c 7.48 gal Area, in.2 

88.22 ft	 
Area. in.2 

' sec	 

p)
 224.56 in Col. 55, Table 8 - from the relationship, Q = AV. 
For 700 gpm Dow: 

gal mmv "" 700 --x---x x 
min 60 sec 7.48 gal 

224.56 ft
 

Area, in.
2 

sec	 
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q)
 15,000 in Col. 57, Tables 4 and 8 - portion of Be for water 
at an average temperature of, say 65°F: 

pD = 62•.t ~ x 2(r - r ) in. x ft x hrft x ~600~ 
V fl 3 3 2 

12 in. 2.!'i0 Ib hr 

L5,000 (r 3 

r)
 0.01371 in Col. 60, Tables 4 and 8 - from the portion of the 
friction coefficient equation 0. 125/BeO. 32. This may be 
written as 

0.I2!'i X
 0.12.5 x _1_ 0.OI~71 

0. 3 2 ~}O ' 3 2	 ~} O . ' 2 Q.I {~}O " 21000{ 1000
 { 1000 1000 

s)
 0. 01346 in Col. 62, Tables 4 and 8 - portion of the frictional 
drop equation, p/ g, viz.: 

2 
secL =
 62.1- ~ x ---"'-"""-- O.01:H6, 

g f l' 12.17 i t 

APPENDIX II,. 

DERIVATION OF CONSTANTS FOR THE OpnMUM THROAT·THICKNESS CALCULATION 

a)
 122.5 in Cols. 10 and 13, Tables 1 and 5 - from the portion 
of the thermal stress equation, Ea/O - v), psi/ deg. 

b)
 2115, 400, 1057, and 800, Cols. 15, 16, 18, and 19, respec
tively, Table 1, 2000 psi air pressure or 400 psi water pres
sure times a constant in the applicable stress equation. 

c)
 2537, 500, 1268, and 1000, Cols. 15, 16, 18, and 19, respec
tively, Table 5 - as above, but for 2400 psi air pressure, 
500 psi water pressure. 
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APPENDIX III
 

DERIVATION OF CONSTANTS FOR FLOW AND PRESSURE REQUIREMENT CALCULATIONS
 

a) 0.1021 in Col. 9, Tables 2 and 6 -

min 

60 sec 
X 

ft' 

7.49 gal 
X 

TT 
2 

(r, 

1 
2 

- r/) in. 
X 

0.1021 X It , -
(r/ -
 r/) sec 

b)
 0.433 in Col. 13, Tables 2 and 6 - Conversion of feet of 
water head to lbl in. 2 pressure. 

c)
 4 in Col. 20. Table 2 - estimated total pressure drop 
per inch of throat drop. 

d)
 2.5 in Col. 20, Table 6 - Estimated total pressure drop 
per inch of throat drop. 
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TABLE 1 

AEDC· TDR·62-231CALCULATION OF OPTIMUM THROAT lHlCKNESS OF THE MACH 10 THROAT SECTION 

(Ref: Eqs. (1) - (9» 
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TABLE 2
 

FLOW AND PRESSURE REQUIREMENTS FOR VARIOUS ANNULUS HEIGHTS OF THE MACH 10 THROAT SECTION
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TABLE 3 

CALCULATION OF HEAT TRANSFER COEFFICIENTS FOR THE MACH 10 THROAT SECTION AEDC·TDR-62·231 

(Ref: Eqs. (21) - (4» 
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TABLE 4 

AE DC·TD R·62·231SOLUTION OF HEAT BALANCE AND PRESSURE DROP EQUATIONS FOR THE MACH 10 THROAT SECTION 

(Ref: Eqs. (10) - (16» 
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TABLE 2
 

FLOW AND PRESSURE REOUIREMENTS FOR VARIOUS ANNULUS HEIGHTS OF THE MACH 10 THROAT SECTION
 

CD 
® 
@ 

8) 

® 
® 

CD 
® 
® 

w 
~ @ 

® 
@ 

@ 

@ 

@ 

@ 

@ 

@ 

@ 

@ 

,-Annulus 
Height r3 - r2, 

--

in. O_O8~O90 O. 100 O. 110 0.120 0.130 

r3 CD ~ I, in. 1.080 1.090 1. 100 1. 110 1. 120 1. 130 
..  - - --- --- ~ 

r3 + r2 ® ~ I, in. 2.080 2.090 2.100 2.110 2.120 2.130 
--

( ) O. 8 r s + r2 0 0 . 8 , in. 0.8 1. 7965 1_ 8035 1.8110 1. 8175 1. 8240 1. 8315 

CD x CD ' in.1.8 O. 1437 0.1623 0.1811 O. 1999 0.2189 0.2381 

X O. 8 390 x ® ' gpm O.8 56.07 63.30 70.62 77.98 85.40 92.86 

H20 Flow 
Required 

® 1.25, gpm 153.6 178.5 204.0 231.5 259.5 288.5 

r3 2 - r2 2 ®2 _ I, in.2 O. 1664 O. 1881 0.2100 0.2321 0.2544 0.2769 

0.1021/® 0.6136 0.5428 0.4862 0.4399 0.4013 0.3687 

V CD x ® ' fps 94.20 96.90 99. 18 101. 85 104. 15 106.37 

V2 @ 2, (f\Js)2 8875 9390 9836 10380 10840 11320 

V2/2g @ /64.34, ft 137.9 146.0 152.9 161. 4 168.6 176.0 
- '-

Velocity 
Head 

0.433 x @, psi 59.75 63.22 66.23 69.90 72_ 98 76.20 
.--l 

eDx@ 7.535 8.718 9.918 11. 21 12.49 13.83 
---_.,. -

Re x 10- 3 15 x @) 113. 1 130.8 148.8 168. 1 187.4 207.4 
_. 

@0.:J2 4.540 4.757 4.957 5. 160 5.336 5.512 
---_.-.

f O. 0014 ~ 0. 01:171/@ 0.00442 0.00428 0.00416 0.00406 0.00397 0.00389 
-- .-

0.01346 x @ x 10 4 0.5949 0.5760 0.5598 0.5465 0.5344 0.5235 
- - _._--

@ x @ /eD 6.600 6.010 5.507 5.062 4.637 4.283 
f-

Total Head 
....!\eguil'cd 

t~-x ®-~ ~-~~~86.15 
---

87.26 88.26 90. 15 91. 53 93.33 
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TABLE 4 (Cone luded) AEDC·TDR·62·231 
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TABLE 5 

CALCULATION OF OPTIMUM THROAT THICKNESS OF THE MACH 12 THROAT SECTION AEDC·TDR·62·231 

(Ref: Eqs. (1) - (9» 
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TABLE 6
 

FLOW AND PRESSURE REQUIREMENTS FOR VARIOUS ANNULUS HEIGHTS OF THE MACH 12 THROAT SECTION
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TABLE 7 

CALCULATION OF HEAT TRANSFER COEFFiCiENTS FOR THE MACH 12 THROAT SECTION AEDC·TDR·62.231 
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TABLE 8 

AEDC·TDR·62·231SOLUTION OF HEAT BALANCE AND PRESSURE DROP EQUATIONS FOR THE MACH 12 THROAT SECTiON 

{Ref: Eqs. (10) - (16» 
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